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SHARP NON-EXISTENCE RESULTS OF PRESCRIBED 

L^-NORM SOLUTIONS FOR SOME CLASS OF 

SCHRODINGER-POISSON AND QUASILINEAR EQUATIONS 
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-(— > I 

O I Abstract. In this paper wc study the existence of minimizers for 

^ '. ^/ ^ 1 /■ 1^ ,2 , 1 /■ /■ Hx)f \u(y)\^ , , !/■,,„, 

>-, F(u) = - \Vu\^dx + - / \^' ' , ^' dxdy- - / uf dx 

on the constraint 
^' S{c)^{ueH\R^): f \u\^dx^c}, 

. ' where c > is a given parameter. In the range p € [3, 4j^] wc exphcit a threshold 

i^H , value of c > separating existence and non-existence of minimizers. We also 

C^ ' derive a non-existence result of critical points of F{u) restricted to S{c) when 

S . c > is sufficiently small. Finally, as a byproduct of our approaches, we extend 

1—^ ' some results of [5] where a constrained minimization problem, associated to a 

.. . quasilinear equation, is considered. 

>'■ 

o; 

f5 ■ 1- Introduction 

\0 • 

cn ! The following stationary nonlinear Schrodinger-Poisson equation 

(N ■ (1-1) - Au - Xu + {\x\'^ * \u\^)u - \u\P-^u = in R^ 

r^ I where p E (2, 6) and A G M has attracted considerable attention in the recent 

• ^ I period. Part of the interest is due to the fact that to a pair {u{x), A) solution of 

rS • f 1 1.11) corresponds a standing wave </'(x) = e~^^^u{x) of the evolution equation 

.^: (1.2) iat0 + A0-(|x|^^*|0|2)0+|0|P-20^O in M+ x R^. 

This class of Schrodinger type equations with a repulsive nonlocal Coulombic 
potential is obtained by approximation of the Hartree-Fock equation describing 
a quantum mechanical system of many particles, see for instance [H [151 [IB [18] . 
For physical reasons solutions are searched in H^{E?). 

A first line of study to (11. ip is to consider A G M as a fixed parameter and then 
to search for a m G H^{E?) solving (II. ip . In that direction, mainly by variational 
methods, the existence, non-existence and multiplicity of solutions have been 
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extensively studied by many authors. See, for example, [H El [ini [HI [131 [iHl 1201 
[221 [22] and the references therein. 

In the present paper, motivated by the fact that physicists are often interested 
in "normalized solutions", we look for solutions in H^(M.^) having a prescribed 
L^— norm. More precisely, for given c > we look to 

(mc, Ac) e H^iW^) X M solution of (TLT|) with ||Mc||i2(K3) = c. 

In this case, a solution Uc G H^(R^) of (11.11) can be obtained as a constrained 
critical point of the functional 

F{u):=l\\yu\\%,^., + ] [ [ ^-^^^^P^dxdy-'- f \uf dx 

2" "^(«) ^JuJu^ \x-y\ pAs' ' 

on the constraint 

S{c) := {u E H\R^) : ||m||^2(k3) = c, c> 0}. 

The parameter Ac G M, in this approach, can't be fixed any longer and it will 
appear as a Lagrange parameter. 

It is well known, see for example [19], that for any p G (2,6), F{u) is a well 
defined and C^-functional. We set 

■m{c) := inf F{u). 

u£S{c) 

It is standard that minimizers of ?7i(c) are exactly critical points of F{u) re- 
stricted to S{c), and thus solutions of (II. ip . Also it can be checked in many cases 
that the set of minimizers is orbitally stable under the flow of (II. 2p . Thus the 
search of minimizers can provide us some information on the dynamics of (ll.2p . 

By scaling arguments, see Remark 1 1.1| it is readily seen that for any c G (0, oo), 
171(0) G (—00, 0] if p G (2, y) and m{c) = —00 if p G (y , 6). When m{c) > — cxd, 
the existence of minimizers of m(c) has been studied in |5] [6] [21], see also [TT] for 
a closely related problem. In [21] , the authors prove the existence of minimizers 
when p = I and c G (0, cq) for a suitable cq > 0. It is shown in [6] that a 
minimizer exists if p G (2,3) and c > is small enough, and in [5] that when 
p G (3, y), m{c) admits a minimizer for any c > sufficiently large. In addition, 
when p G (y,6), though m{c) = —00 for all c > 0, [7] shows that there exists, 
for c > small enough, a critical point of F{u) constrained on S{c), at a strictly 
positive energy level. This critical point is a least energy solution in the sense 
that it minimizes F{u) on the set of solutions having this L^-norm. It is proved 
as well in [7] that it is orbitally unstable. 

The first aim of this paper is to establish non-existence results of minimizers 
and more generally of constrained critical points of F{u) on S{c) in the range 
p G [3, y]. As we shall see our results are sharp in the sense that we explicit a 
threshold value of c > separating existence and non-existence of minimizers. 
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We first present a detailed study of tlie function c — ;■ m{c) wlien p G [3, y]. 
Tliis study is, we believe, interesting for itself, but it is also a key to establish the 
existence or the non-existence of minimizers. Let 

(1.3) ci = inf{c > : m{c) < 0}. 

Theorem 1.1. (I) When p E (3, y) we have 

(i) ci e (0,oo); 
(ii) m{c) = 0, as c E (0,Ci]; 
(iii) 7n{c) < and is strictly decreasing about c, as c E (ci, oo). 

(II) When p = 3 or p = Y 'we have 

(iv) When p = 3, m{c) = for all c > 0; 
(v) When p = y , we denote 

(1.4) C2 = inf{c > : 3uE S{c) such that F{u) < 0}, 

then C2 E (0, oo) and 

Q gN f "^(c) =0, as cG (0,C2); 

^ ' "^ l^m(c) = — oo, as cE (02,00). 

Our result concerning the existence or non-existence of a minimizer is 

Theorem 1.2. (i) When p E (3, y), m{c) has a minimizer if and only if 

c E [ci,oo). 
(ii) When p = 3 or p = ^i 'Ti(c) has no minimizer for any c > 0. 

Remark 1.1. One always has m{c) < for any c > 0. Indeed let u E S{c) be 
arbitrary and consider the scaling m*(x) = t^u{tx). We have m* G S'(c) for any 
t > and also 

2 ilR3 4 JjjS Ju3 \X-y\ V Jr3 

Thus F{u^) — )> as t — 7- and the conclusion follows. 

Remark 1.2. In [HI [13] the minimization problem on S{c) for the functional 

^ / N 1 /" ,„ ,0 , Ci f f \u(x)\ \u(y)\ , , b f , ,„ , 
Fab{u):=- \Vu\^dx + - / ' \^' ' ,^^' dxdy-- / |M|^rfa; 

2 Jjj3 4 Jjj3 JkS IX - yl p J]R3 

is considered. When p = 3 it is proved that for each a > 0, there exists a 60 > 
such that lib > bo then a minimizer exists for all c > (see Theorem 1.4 of [TTj). 
Theorem 11.21 (ii) implies that when a = 1, necessarily b^ > 1. 

Remark 1.3. Theorem 11.21 provides a complete answer to the issue of minimizers 
for F{u) on S{c) when p E [3, y]. When p E (2, 3), this question is still open. In 
[6] it is proved that a minimizer exists when c > is sufficiently small. However 
even if m{c) < 0, for any c > and any minimizing sequence is bounded, we still 
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do not know what happen for an arbitrary value of c > 0. In trying to develop a 
minimization process one faces the difficulty to remove the possible dichotomy of 
the minimizing sequences. Also when p G (y,6) the existence of a least energy 
solution is only established for c > small (see [7]). In [7] however and even if 
the result is still to be proved, strong indications are given that there do not exist 
least energy critical points of F{u) constrained to S{c) when c > is large. 

In addition to the non-existence results of Theorem 11.21 we also show that, 
taking eventually c > smaller, there are no critical points of F[u) on S{c). 
Precisely 

Theorem 1.3. When p G (3, y]> there exists c > such that for any c G (0, c), 
there are no critical points of F{u) restricted to S{c). When p = 3, for all c> 0, 
F{u) does not admit critical points on the constraint S{c). 

Remark 1.4. Theorem 11.31 is. up to our knowledge, the only result where a non- 
existence result of small L/^ norm solutions is established for ( 11. ip . Note however 
that in [121 [IS] it was independently proved that when p G (2,3] there exists a 
Aq < such that (II. ip has only trivial solution when A G (— C)0, Aq). 

Another aim of this paper is to clarify and extend some results contained in [9] 
where a constrained minimization problem associated to a quasilinear equation 
is considered. Actually in [9] one looks for minimizers of 
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Here A^ G N'^ and we focus on the range p G [1 + -^, 3 + ;^]. Let 

c{p, N) = inf{c > : m{c) < 0}. 

Theorem 1.4. (i) If p E [1 + ;^, 3 + ;^), we have 

a) c{p,N)e (0,00); 

b) m{c) = Oifce {0,c{p,N)]; 

c) rn{c) < if c E {c{p,N), oo) and is strictly decreasing about c, as 
CG (c(p, AT), oo). _ 

(ii) Ifp G [1 + ;^, 3 + -^) , the mapping c i — > rn{c) is continuous at each c > 0. 
(iii) If p = 3 + j^, we denote 

(1.8) On = inf{c > : 3 u E a{c) such that S{u) < 0}, 



SHARP NON-EXISTENCE RESULTS 



then cn G (0, oo) and 

rn(c) = 0, as ce{0,cn)] 



^ ' ' 'm[c) = — oo, as c G {cn, oo 

Concerning the existence or non-existence of minimizers we have 

Theorem 1.5. (i) If p G (1 + -^,3 + -^), then fn{c) admits a minimizer if 

and only if c ^ [c(p, A^), oo). 
(ii) If p = 3 + j^, fn{c) has no minimizer for all c G (0, oo). 

Remark 1.5. We note that in [9] it was proved that when p G (1, 1 + ;^), for 
all c > 0, fn{c) < and fn{c) admits a minimizer. When p = 1 + -^, we 
conjecture that the conclusion of Theorem ll.5l (i) also holds. As for p G {S+j^, oo), 
rn{c) = — oo for any c > 0. 

Remark 1.6. We point out that parts of Theorems 11.41 and 11.51 are already con- 
tained in Theorem 1.12 of [9]. However, on one hand we provide here additional 
information. In particular we settle the question of existence for the threshold 
value c{p, N) which requires a special treatment. On the other hand some state- 
ments of Theorem 1.12 are wrong, in particular concerning the case p = 3 + ^. 
There are also some gaps in the proofs of [9]. In particular it is not proved 
completely that there are no minimizer when c G (0, c{p, N)). 



Remark 1.7. In [8], the minimization problem (11. 6p is studied and the question 
of finding explicit bounds on c{p, N) and c^ is addressed by a combination of 
analytical and numerical arguments in dimension A^ = 3. In particular, when 
p = 3 + j^a.Cf,>0 such that m{c) = if < c < c;, and a c'' > such 
that rn{c) = — oo if c > c^ are explicitly given (see Proposition 2.1, points (4) 
and (5) of [8]). Their values are Cb ~ 19.73 and c'' ~ 85.09. Theorem 11.41 (iii) 
complements these results showing that the change from m{c) = to m{c) = — oo 
occurs abruptly at the value cat. We also point out that our results hold for any 
dimension A^ G N^. 

Finally, similarly to Theorem 11.31 we obtain 

Theorem 1.6. Assume that p G [1 + -^,3 + -^] holds, then there exists a c > 
such that for all c G (0, c), the functional S{u), restricted to cr(c), has no critical 
points. 

Acknowledgement: The authors thank the referee for its comments which have 
permitted to simplify several proofs in the paper. 

Notations: For convenience we set 



A(u) ■= / \Vurdx, Bin) = , , dxdy 

\x — y\ 
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C{u) := f \ufdx, D{u) := ( \u\^dx. 

Then 

(1.10) F{u) = l-A{u) + Ib{u) - -Ciu). 

2 4 p 

Also we denote by || ■ ||p the standard norm on L^(M^). Throughout the paper 
we shall denote by C > various positive constants which may vary from one 
line to another and which are not important for the analysis of the problem. 

2. Preliminary results 

To obtain our non-existence results we use the fact that any critical point of 
F{u) on S{c) satisfies Q{u) = where 

Q(u) := / \Vu{^dx + - / / ' \^' ' , ^' dxdy - -^ ^ / \u\Pdx. 

JRS 4 J^3 iua \x - y\ 2p JiR.3 

Indeed we have 

Lemma 2.1. If Uq is a critical point of F{u) on S{c), then Q{uq) = 0. 

Proof. First we denote 

(2.1) Ix{u) := {S'x{u),u)=A{u)-XD{u) + B{u)-C{u), 

(2.2) P,{u) := \A{u)-hD{u) + ^-B{u)-^-C{u). 

Here A G M is a parameter and Sx{u) is the energy functional corresponding to 
the equation (II. ip . i.e. 

(2.3) S,iu) := ^A{u) - ^D{u) + ii?(n) - ^C{u). 
Clearly S\{u) = F(u) — ^D(u) and simple calculations imply that 

(2.4) ^h{u)-Pxiu) = Qiu). 



Now from [10] or Theorem 2.2 of jT9], we know that Px{u) = is a Pohozaev 
identity for the Schrodinger-Poisson equation (jl.ip . In particular any critical 
point u of Sx{u) satisfies Px{u) = 0. 

On the other hand, since Uq is a critical point of F{u) restricted to S{c), there 
exists a Lagrange multiplier Aq G M, such that 

F'{uo) = XqUq. 

Thus for any (f) e H\M.^), 

(2.5) (5loK),0) = (F'iuo) - XoUoA) = 0, 



1 


-u'\C 1 ""^"' 


167r 
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which shows that uq is also a critical point of Sx^^iu). Hence 

^Ao(mo) = 0, /ao(mo) = (5'io(Mo),Mo) = 0, 
and Q{uo) = follows from ([23D. □ 

We now give an estimate on the nonlocal term, which is useful to control the 
functionals F{u) and Q{u). 

Lemma 2.2. When p G [3,4], there exists a constant C > 0, depending only on 
p, such that, for any u G S{c), 

(2.6) / / Mi^ltM^c/xrf, > 
Jm3 Jr3 \x - y\ 

Proof. Since p G [3,4], by interpolation, we have 

(2.7) Ikllp < Ikllf ~"M|w||f "'^ 

In addition, since (|a;|~^ * |np) G 'D^'^(M'^) solves the equation 

(2.8) -A$ = 47r|Mp inR^ 

on one hand multiplying (12. 8 p by (|x|~^ * |Mp) G P^'^(M^) and integrating we get 

(2.9) At^ I {\x\-^*\u\^)\u\^dx= f \V{\x\~U\u\^)\^dx. 

On the other hand, multiplying (12.81) by |m| and integrating we get for any 77 > 0, 

Jr3 JR3 

(2.10) < T] I V{\x\-^*\u\'^)-V\u\dx 

[ |V(N-^ 

Jm.3 
Thus, taking r/ = 1 in (|230D it follows from ([23]) and (|230|) that 



< / \Vi\x\-''*\u\'')\''dx+'^ I \Vu\''dx. 



(2.11) / \ufdx< [ [ \-^^^^p^dxdy + ^\\yu\\l 

Jrs Jr3Jm3 \x-y\ I6n 

Now, using Gagliardo-Nirenberg's inequality, there exists a constant C > 0, de- 
pending only on p, such that 



(2.12) / \u\ dx<C\\yuW;\\u 



|4 J ^ ^ ||„ ||3 



12 • 
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Taking JKWf and ( ]212|1 into (EZD, we obtain 

M;<c(f f W£ltM!^<fcd, + ^||v«||A'"''||v«||f-'||„lir', 

which imphes f l2.6p . D 

The estimate (12 .Op leads to a lower bound on Q{u). 

Lemma 2.3. VF/ien p e (3, y), i/iere exzsfo a constant C > 0, depending only on 
p, such that, for any u E S{c) 

QAn — 1 3 1 

(2.13) Qiu) > — A{u) - C ■ A{u)-^ ■ c^. 

D47r 

Proof. By Lemma 12.21 there exists a constant C > depending only on p, such 
that, for any u G 5'(c), 

(2.14) g(u) > -rT—A{u) + C j^-^^ ^\-^C{u). 

647r A (m) 5(4^ ■/}(«) 5(4^ 2p 

To obtain (12.130 from (12.140 we introduce the auxiliary function 
^ , , /647r-l\ ^^ ^ ^ 3(j9-2) 

/ 3(p-3) p-3 \-l 

with /} = C ■ ( i^2(4-p) . f;2(4-p) j Us study will provide us an estimate indepen- 
dent of C(m). Clearly 

,1 f ^ n 1 E^ 3(|>-2) 

4 — p 2p 

f'M = D ■ ^^ ■ x^v-^ > 0, for all x > 0. 

^^ ' 4-p 4-p 

Therefore fK{x) has the unique global minimum at 

/3{p-2){4:-p)\p 

and 

^ 647r-l ^^. Z? /^ 3(P-2)(4-p) \^ 3(p-2) / 3(p - 2)(4 -p)^ ^^ 
•^^^^^ 647r V 2pD J 2p ' \ 2pD 

647r-l^^ / 3(p-2)(4-p) \^ p-3 ^g^ 



4— p 
-3 



647r V 2p y 4 - 1} 

64vr - 1^ _ /3(p-2)(4-p)\ ^ _ ^-3 _ ^H^ _ ^3 _ ^. _ 



647r V 2p / 4-p 



SHARP NON-EXISTENCE RESULTS 9 

Thus /a'(x) > JKix) for all x > 0. This, together with (12341) implies ( 127[3|1 . D 

Finally we recall the following results obtained in [3 E] • 

Lemma 2.4. Let p E (3,^), then 

(i) For any c > such that 'm{c) < 0, 771(0) admits a minimizer. 
(ii) There exists d > 0, such that for all c G {d, 00), ?7i(c) < 0. 
(iii) The function c H- ??7,(c) is continuous at each c > 0. 

Remark 2.1. Points (i) and (ii) of Lemma 12.41 are proved in [5]. Concerning Point 
(iii), in [6] the authors prove the continuity of m{c) about c > when p G (2, 3). 
However inspecting their proof reveals that it also holds for p G [3, y). 

3. Proofs of the main results 
We first give the following non-existence result. 

Lemma 3.1. When p G (3, y), there exists a c^ > 0, such that m{c) has no 
minimizer for all c G (0, C3). 

Proof. Let us assume by contradiction that there exist sequences {c„} C M"*", with 
c„ — i- as 77 — )■ 00, and {«„} C 5'(c„) such that F{un) = rn{cn)- Then by Lemma 
EH Q{un) = for any 77 G N+. 

Since m{c) < for any c > 0, see Remark II. 11 we know that F{un) < 0. Thus 

2 4 p 

(3.1) < -A(77„)t(^"2)-D(77„)^, 

p 

by Gagliardo-Nirenberg's inequality. Since p G (3,y), 1 > |(p — 2) and thus 
(13.11) implies that 

(3.2) A{un) -)■ 0, as 77 -> 00. 

Now due to (13.21) and Lemma [2. 3 j when 77 G N"*" is sufficiently large, 

QM > l~ A{un) - C ■ A{un)-^ ■ cl 

QAtt - 1 3 

> —r, A{un) - C ■ A{ur,)-- > 0. 

Obviously this contradicts Lemma 12.11 and this ends the proof. D 

The following lemma is crucial to establish a precise threshold between exis- 
tence and non-existence. 

Lemma 3.2. Assume that p G (3, y) holds. For any c > such that m{c) < 
or such that m{c) = and 777(c) has a minimizer we have 

m{tc) < tm{c), for all t > 1. 



10 LOUIS JEANJEAN AND TINGJIAN LUO 

Proof. By Lemma [2.41 (1) without restriction we can assume that m{c) < admit 
a minimizer Uc G S{c). We set {uc)t{x) = t'^udtx) for t > 1. Then D{{uc)t) = 
tD{uc) = tc, and since 2p — 6 > in case of p G (3, 10/3] and C{uc) > 0, we 
obtain 

/I 1 t'^P-^ 

(3.3) < t' ■ (Ia{u,) + Ib{u,) - -C{u, 

\2 A p 

= t^ ■ F{uc) =t^m{c). 
Since mlc) < and t > 1, we conclude from (13.31) that m{tc) < t^m{c) < 

tm{c). n 

In the case p = ^ ^^ first have 

Lemma 3.3. When p = y , we have c-^ G (0, oo), where C2 is given by ( [j.^| ). 

Proof. First observe that by Gaghardo-Nirenberg's inequahty, when p = y we 
have 

(3.4) C{u)<C-A{u)-S, for all M G ^(c), 

where C > independent of c > 0. Thus for any u G S{c), there holds 

F{u) > \a{u) + \b{u) - ^^C ■ A{u) ■ cl 

(3.5) > ^mQ-^C'.cI 
Thus F{u) > 0, for all u G S{c) if c > is sufficiently small and it proves that 

C2>0. 

Now take Ui G S{1) arbitrary and consider the scaling 

(3.6) Ut{x) = t'^ui{tx), for all t > 0. 



Then Uf G S{t) and 



t^ ., . t^„. . 3 
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F{ut) = -A{u,) + -Biu,)--t-Ciu,) 

(3.7) = t'(^^A{u,) + \B{u,)-^tlC{u,: 

This shows that F{ut) < for t > large enough and proves that C2 < oo. D 
We can now give the 
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Proof of Theorem \1.1[ First we prove that ci > by contradiction. If we assume 
that Ci = then, from the definition of Ci, m{c) < for all c > 0. Thus Lemma 
2.41 (i) implies the existence of a minimizer for any c > and this contradicts 
Lemma 13.11 Additionally Lemma 12.41 (ii) shows that Ci < oo, thus Point (i) 
follows. To prove Point (ii) we observe that since m{c) < for all c > 0, from the 
definition of ci > it follows that m{c) = if c e (0,ci). Using the continuity 
of c H- m{c), see Lemma [2.41 (iii), we obtain that m(ci) = and then Point (ii) 
holds. Point (iii) is a direct consequence of Lemma 13.21 and of the definition of 
ci >0. 

Concerning Point (iv), it is enough to show that ii p = 3, for any c > one has 

(3.8) F{u)>0, for allwe ^(c). 

Indeed, since m{c) < for all c > 0, (13. 8p implies immediately Point (iv). To 
check dMD, we use I^JO\f with r/ = 4/3. From (jM]) and fl2A0|) we then get 

1 f f Hx)\My)\'^,^ ^ 1 MW.M2 , 1, 



All I I -dxdy>--—\\Vu\\2 + -\\u\ 

4 Jr3 Jir3 \x - y\ 367r 3 

Thus when p = 3, for any u G S{c), 

1 

2'' ■ ""^ 367r' 



F(u) > ^llVnll^ - TTT— llVnll^ > 



and ([31]) holds. 

Finally since, by Lemma [373| C2 G (0,oo), to prove Point (v) it is enough to 
verify (II. 5p . From the definition of C2, it follows directly that m{c) = for any 
c G (0,02). Now if c G (c2,oo), we first claim that there exists a t; G S{c) such 
that F{v) < 0. Indeed if we assume that F{u) > for all u G S{c) we reach 
a contradiction as follows. For an arbitrary c G [c2,c) taking any u G S{c) we 
scale it as in (13. 6p where t = c/c. Then ut G S{c) and it follows from (13. 7p that 
F{ut) < t^F{u). This implies that F{u) > for all u G S{c) and since c G [c2,c) 
is arbitrary this contradicts the definition of C2 > 0. Hence, for any c G (c2, 00), 
there exists a mq G S{c) such that F{uo) < 0. 

Consider now the scaling 

(3.9) u\x) = e'^uoiex), for all ^ > 0. 
We have u^ G S{c) for all 61 > and 

F{u') = ^A(no) + ^i?(no) - ye^C(no) 

(3.10) = ^-B{uo) - (fc{uo) - \a{uo)] ■ e\ 



Since F{uq) < 0, necessarily 



Hc(no) - ^A(no) > 0. 
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Thus we see from fl3.10p that hme^oo-^(w^) = — oo and m{c) = — oo follows. At 
this point the proof of the theorem is completed. D 

Before giving the proof of Theorem 11.21 we consider the case where c = ci that 
requires a special treatment. 

Lemma 3.4. Assume that p G (3, y) holds. Then ??7,(ci) admits a m,inim,izer. 

Proof. Let kn '■= Ci + 1/n, for all n G N"*". We have kn -^ c\ and thus, by Lemma 
2.4 (iii), m{kn) -^ m{ci) = 0. Furthermore, by Theorem ILII (iii) and Lemma 
12.41 (i) we know that for each n G N"*", m{kn) < and m{kn) admits a minimizer 
Un- Now we claim that the sequence {«„} is bounded in H^{^). Indeed, by 
Gagliardo-Nirenberg's inequality, we have 

-A{Un) + -B{Un) = -C{Un) + F{Un) 

2 4 p 

3(p-2) <tzP 

< CA{un)^^kn^ +m{kn). 

This implies that {A{un)} is bounded, since m{kn) < and 1 > 3(p — 2)/4. Thus 
we conclude that {un} is bounded in H^{M.^). 

Now we claim that C{un) -^ 0. By contradiction let us assume that C{un) — )■ 
as n — i- oo. Since F{un) -^ m(ci) = it then follows that 

(3.11) A{un) — !■ and B{un) — ;■ 0, as n — )■ oo. 

Now, similarly to the proof of Lemma l23| using (12. 6p . we can estimate F{u) from 
below by 

327r — 1 -11 

(3.12) F(m) > — A{u) - C ■ A{u)-^ ■ c-^ , for all m G 5(c) 

647r 

where C > is constant, depending only on p. In particular 

(3.13) F(m„) > A{u^) {^^ - C ■ A{uS^ ■ kl 

Taking (13. lip into account, (I3.13P implies that F{un) > for n G N^ sufficiently 
large. This contradicts the fact that F{un) = m{kn) < for all n G N"*" and 
proves the claim. 

Now, by Lemma I.l of [Hj, we deduce that {n„} does not vanish. Namely that 
there exists a constant 5 > and a sequence {xn} C M'^ such that 

/ \un\^dx > 5 > 0, 

Jb{x„,i) 

or equivalently 

(3.14) / \un{- + Xn)\'^dx>5>Q. 
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Here -8(0, 1) denotes the ball centered in with radius r = 1. Now let Vn{-) = 
Un{- + Xn)- Clearly {vn} is bounded in H^{M^) and thus there exists Vq G H^{MP) 
such that 

Vn^vo weakly in i7^(]R^) and Vn -> Vq in L;^„^(R^). 

We note that vq j^ 0, since by f l3.14p 

< 5 < lim / |f„p(ix = / |fop(ix. 

"^°°iB(0,l) -'5(0,1) 

Let us prove that Vq is a minimizer of m^ci). First we show that F{vq) = 0. 
Clearly 



(3.15) lim ||i;„||2 = ||i;o||2 + 1™ \\vn - t^oL = ci 
and using Lemma 12.41 (iii) we deduce from (13.151) that 

(3.16) \im.F{vn — VQ)> lim. m{\\vn — Vo\\l) = m{ci ~ \\vo\\l) = 0. 

n—^oo n—^oo 

Here we make the convention that m(0) = 0. Now using Lemma 2.2 of j23], we 
have 

(3.17) = m(ci) = lim F(t;„) = F{vo) + lim F{vn - Vo). 

n— >oo 71— ^-oo 

Since | |fo| I2 ^ ci we have ?ti(| l^ol I2) = ^^d it shows that F{vo) < is impossible. 
From (I3.16P and (13.171) we deduce that F{vq) = and that Vq is a minimizer 
associated to 'Ti(||fo||2). If we assume that ||fo||2 < Ci we get a contradiction 
with Lemma [3.21 since m{ci) = 0. Thus necessarily ||fo||2 = Ci and this ends the 
proof. n 

Proof of Theorem \1.S[ To prove Point (i) we assume by contradiction that there 
exists c G (0,Ci) such that m{c) admits a minimizer. Then from the definition 
of Ci > we get that m{c) = and Lemma 13.21 implies that m{c) < for any 
c > c. This contradicts the definition of ci > 0. Now when c > ci the result 
clearly follows from Theorem ll.il (iii) and Lemma [2.41 (1). Finally the case c = ci 
is considered in Lemma [3.41 For Point (ii), first observe that, because of (13.81) . 
when p = 3, for any c > 0, m{c) does not have a minimizer. Then we note that, 
from the definition of Q{u), it holds, for any u G S{c), 

Taking p = y in (I3.18P we obtain 

(3.19) Fiu) - ^Q{u) = ^B{u). 
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Thus if we assume by contradiction that m{c) has a minimizer Uc G S{c) for some 
c > we see from Lemma 12.11 and (13.191) that 

> m{c) = F{u,) = -B{u,) > 0. 

o 

This contradiction ends the proof of Point (ii) and of the theorem. D 

Proof of Theore'm \1.3[ We first consider the case p G (3, y] and we assume by 
contradiction that there exists sequences {cn} C M^, with c„ — )■ 0, as n — )■ oo, 
and {un} C S{cn) such that m„ G S{cn) is a critical point of F{u) restricted to 
S{cn). Then since 

QK) = A{un) + ifi(n„) - ^i^lilc(n„) = 0, 
we deduce, from Gaghardo-Nirenberg's inequahty, that for some C > 0, 

3('0 — 2) 3{p-2) 6-P 

(3.20) A{Un) < -^ '-C{Un) < C ■ A{Un)^ " Cn' • 

Zp 



Thus there holds 



, 10-3p £-f 

A{Un)^ <C-Cn' 



and we get that 

(3.21) A{un) -)■ as n ^ oo 

if p G (3, y) and directly a contradiction ii p = y. Now when p G (3, y) by 
Lemma [2.31 we know, since Q{un) = 0, that there exists a constant C > such 
that 

647r - 1 3 i 

—r, Aiun) < C ■ A{un)-^ ■ cl 

or equivalently that 

647r - 1 1 i 

(3.22) — <C-A{un)---cl. 

bAn 

But (I3.22P implies that A{un) ^^ oo as n ^^ oo and this contradicts (13.211) . 
Now when p = 3, it is enough to prove that, for any c > 0, there holds 

(3.23) Q{u) > 0, for all u G S{c). 

Indeed, if (13.231) holds true, we can conclude the non-existence of minimizers 
directly from Lemma [2.11 To check (13.231) . we use (l2.1Up with r] = 2. Then, from 
(12:91) and (KM . we get 

1 f f \u(xW\u(y)\'^ , , 1 ,,„ ,,, 1,, ,,, 

4 As As x-y '- 167r" "^ 2" "=^ 
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Thus, for any u G S{c), 

Q{u) = Vul + - / ' Y' ' Y^' dxdy-- u I 

- II 112 ^g^ll 112 

At this point the proof is completed. D 

4. On the quasilinear minimization problem 

In the proofs of Theorems 11.41 and 11.51 we only provide the parts which were 
not established or whose proofs in [H] contains a gap. First we observe 

Lemma 4.1. Assume that p G [1 + -^, 3 + -^). // there exists a c > such that 
m{c) = is achieved, then 

(4.1) m{c) < 0, for all c> c. 

Proof. Let u G a{c) be a minimizer of m(c). Setting {u)t{x) = u{t~Nx) for t > 1, 
we have ||(^)t||2 = ^ll^lli = ^c, and 

m(tc) < £((u)i) = t'"7r f f hvu\^ + \u\^\Vu\^dx] ^—f Im^Mx 

(4.2) = t t-TT I ( l|Vn|2 + |nnVun rfx —[ \u\P+^dx 

< t£{u) = tm(c). 

Thus (14. ip follows immediately from (14. 2 p since rn{c) =0. D 

Similarly with Lemma 13.31 we have for cat given by (II. 8p . 

Lemma 4.2. Assume that p = 3 + j^. Then cjy G (0, oo). 

Proof. We know from (4.5) of [9j that when p G [1 + ^^,3 + ;^] there exists a 
C > 0, depending only on p and A^, such that 

ON 

(4.3) ||m||^+i<C- ||m||2^^"^^- ( /" \u\^\Vu\^dxY~\ for all G ;tf 
where 

e = ^^ ~/j/^oT ^^ and A" = {m G H\R'') : /" l^nVMl^rfx < oo}. 
2(A + 2) JiRiv 

Letting p = 3 + ^^ in (14. 3p . we obtain that 

(4.4) \\u\\l'\_l^/^ < C ■ \\u\\f ■ ( f \u\^\\/u\'^dx\ , for all MG A". 
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Thus, for any u G cr(c), there holds 

£{u) > -||Vm||2+ / |np|Vnprfx-C-c^ ■ / |up|Vupcix 



> (l - C ■ c^) ■ \u\'^\\/u\'^dx 



and £{u) > for all u G cr(c) if c > is sufficiently small. This proves that 
Cat > 0. 

Now take ui G cr(l) arbitrary and consider the scaling 

(4.5) Mi(x) =Mi(r^^), foralH>0. 

We have Ut G exit) and 

£(-<) = «'-* (i|l V"iii^ + 1^^ \u,f\vu,r-d.'^ - 1 ■ -^JL-^||„,||«/j; 

This shows that S{ut) < for t > large and proves that cat < oo. D 

Proof of Theorem \l.Ji\ In Theorem 1.12 of [9], Point (i) was already proved except 
for the statement that rn{c{p, N)) = 0. But it is a direct consequence of Point 
(ii) that we shall now prove. Let c > be arbitrary but fixed and let {c„} be 
a sequence such that c„ — >■ c. We need to show that rn{cn) -^ rn{c). By the 
definition of m(cn), for each n G N"*", there exists a m„ G (T{cn) such that 

(4.7) S{un) < m{cn) + -. 

n 



It is shown in [H] that m{c) < for any c > 0. Thus in particular 
(4.8) £{un) < -. 

11/ 

Now we claim that the sequences {||VMn|||}, {J^n \un\'^\'^Un\'^dx}, {||Mn||p+i} are 
bounded. Indeed using (14. 8 p and (14. 3p . we have 



(4.9) ->£M> f \Ur,\^\VUn\^dx - -^C^-' [ I \UrS' \V Ur,\'' dx 

n J^N p + i 



ON 
JV-2 



Since -^l^^ < laspG [1+4. 3+4). we conclude from (14. 9p that {J^a, \u„\'^\Vu„\'^dx} 
is bounded and then from (14. 3 p that {||Mn||p+i} is also bounded. At this point 
the fact that {|| Vunlll} is bounded follows from the boundedness of £{un)- Now 
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we see that 

rn{c) < £ i J—Un 






= 8{un) + o{l) <m(c„) + o(l). 
On the other hand, for a minimizing sequence {vm\ of m(c), we have 

m{Cn) < £ ( \ —Vrn ) = ^(^^m) + o(l) = m(c) + o(l). 

From these two estimates we deduce that hm„,_j.oo ?^(cn) = fn{c). 

We now prove Point (iii). Note that the statement in Theorem 1.12 of [9] 
concerning p = 3 + 4 was incorrect. We aheady know, from Lemma 14. 2[ that 



N 

Cat e (0, oo). Using the definition of ctv, it follows directly that m{c) = for any 
c e (0,CAr), since one always has rn{c) < for any c G (0,oo). Now if c > cat, 
we proceed as in the proof of Theorem 11.11 (v), namely we observe that there 
exists a f G cr(c) such that S{v) < 0. Indeed if we assume that S{u) > for all 
u G a{c) we reach a contradiction as follows. For an arbitrary c G [c^, c) taking 
any u G cr(c) we scale it as in (14.51) where t = c/c. Then Ut G o"(c) and it follows 
from (14.61) that S{ui) < t£{u). This implies that £{u) > for all u G a{c) and 
since c G [cat, c) is arbitrary this contradicts the definition of ca? > 0. 

Hence, for any c G (cat, oo), there exists a uq G a{c) such that £{uq) < and 
we consider the scaling 

(4.10) m'^(x) = 5-Uq{8x), for all 5 > 0. 

Then u^ G cr(c), for all 5 > and 

(4.11) = y II v^oii^ - s^^' (^^^ikoii:::;;; - 1^ konv^op^x) . 



Since £{uq) < 0, necessarily 

IW0IU-4-4/V - / \uo\^\Vuo\'^dx > 

Jrn 



N ,, ,,4+4/Af 



4(iV+l)"^^"4+4/^ 

and thus we see from (14. lip that lim^^oo ^(w"^) = —00. It proves that fn{c) = —00 
for any c G (cat, +00). D 

Before giving the proof of Theorem 11.51 we treat the limit case c = c{p, N). 
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Lemma 4.3. Assume that p G (1 + ;|:, 3 + -^). Then fn{c{p, N)) admits a mini- 
m,izer. 

Proof. Let c„ := c{p,N) + -, for all n G N+. Since m(c„) < we know by 
Lemma 4.3 of ^ that rn{cn) admits, for all n G N+ a minimizer that is Schwartz 
symmetric. We claim that {«„} is bounded in X, namely that {«„} is bounded 
in H^(M.^) and {/jgjv |MnP|VM„p(ix} is bounded. Indeed using (14. 3 p we have since 
£(un) < 0, for all n G M+, 






^ „l-e / / l„, |2|V7„, |2, 



ON 
iV-2 



2 

(4.12) < ^—c^^-^.l/ \Un\''\VUr,\''dx 

Since p G [1 + -^, 3 + -^) we have -^^ < 1 and thus (I4.12p implies that both 
{Irn |wnP|Vu„p(ix} and {||Vn„||2} are bounded. 

Passing to a subsequence we can assume that Un ^ Mq in A". Now from Lemma 
4.3 of [9] we have that 

^(wo) < liniinf T(m„) where T(m) := - ||Vm||2 + / |M|^|VMp(ix. 

Also the fact that {«„} is a sequence of Schwartz symmetric functions readily im- 
plies that Un — !■ Mo in L^'^^iM.'^). Thus, since by Theorem IL4l (ii). limn^oo ^iun) = 
lim„^oo^(cn) = we obtain that S{uo) < 0. Also since HwoHi ^ c{p,N) neces- 
sarily S{uo) = 0. 

In order to show that | |?io| I2 — ^(p, N) and thus that Uq is a minimizer of c{p, N) 
we first show that uq ^ 0. By contradiction let us assume that uq = 0. Then 
using the fact that m„ — ;■ in L^(R^) we get from S{un) -^ that 

(4.13) ||Vn„||2 — 7- and / |u„p|Vu„p(ix — )■ 0, as n — )■ 00. 

Jrn 

As in the proof of Lemma [3^ we shall prove that S{un) > for n G N"*" sufficiently 
large and this will contradict the fact that S{un) = m{cn) < for n G N"*". For 
P ^ (1 + :!' S] if A^ > 3 and p G (1 + ^, +cx)) if A^ = 1, 2, by Gagfiardo- 
Nirenberg's inequality, we have 

r iV(p-l) (iV+2)-(iV-2)p iV(p-l) 

(4.14) / \Un\''^^dx<C\\VUn\\2 ^ ' Cn * <C||Vm„||2 ' • 
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Thus 



1 N(p-l) 

2 — C II Vm„||2 



^(un) > ^||Vn„||2 - C||Vn„ii " 



2 



I Np-(N+i) 



|VMn||2 ( ^-C\\^Un\\2 



2 



This, together with f l4.13p . proves that £{un) > as n G N is sufficiently large. 

• JV+2 q _|_ ^^ 

in T'em^'l fr^T- p11 n ^ 

N-2' 



For p e (^rfi 3 + ;^), A^ > 3, we know from the proof of Theorem 1.12 of [1] that 
{un} it is bounded in L'^iMJ^) for all q > -^zo- Thus by Holder and Sobolev's 



inequalities we can write 

(4.15) f W^r^dx < C(p,iV)||VM„||M|M„||f .^, 

where 

(p-l)(Ar-2)-2 '^ ^^ ^ (p-l)(iV-2)-2 

For more details see, in particular, (4.16) in [U]. Now since ||ti„|||^^ ^^-.^ is bounded 
we have 



S{Un) > \\\VUn\\l-C{p,N)\\VUn 



2 



12 



= l|Vn„||^Q-C(p,iV)||Vn„||r2 

Since a — 2>0asp>l, we then deduce using (14.131) that £{un) > for all 
n e N+ sufficiently large. This proves that uq ^ 0. Finally if we assume that 
ll'^olli < c(p, A^) we directly get a contradiction from Lemma HIT] since fn(c) = for 
all c G (0, c(p, A^)]. Thus Hwolli = c(p, A^) and uq is a minimizer of m(c(p, A^)). D 

Proof of Theorem \1.5[ In Theorem 1.12 of [9] it is shown that rn{c) admits a 
minimizer if c G {c{p,N), oo). By Lemma [4.31 this is also true for c = c{p,N). 
To complete the proof of Point (i) we need to show that for c G {0,c{p,N)), 
rn{c) does not admit a minimizer. But since rn{c) = for c G (0, c(p, A^)] it 
results directly from Lemma 14.11 To prove Point (ii) we argue by contradiction 
assuming that there exists a c > such that rn{c) admits a minimizer Uc- Then, 
by standard arguments, Uc satisfies weakly 

(4.16) — Auc — XcUc — UcA|ucp = l^d^""*^ 



u. 



Cl 



where Ac G M is the associated Lagrange multiplier. Multiplying (I4.16P by Uc and 
integrating we derive that 

2j„ , A l„. |2|r7„. |2j„ / |„. ip+lj™ _ \ ll„. I|2 



(4.17) f \Vufdx + 4: f \uf\Vufdx- f \u,f^^dx = \ 

JR'V J]giV Jj^N 



\Ur 



12- 
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Also, from Lemma 3.1 of [9] we know that Uc satisfies the Pohozaev identity 

(4.18) 

N — 2 fl f 2, , [ I |2|v7 \2j \ -^cn ||2 , 1 II iip+1 



It follows from <^YJ\ and (l4A8|l that 

(4.19) ||ViZe||^ + (iV + 2) / \u,f\Vu,fdx - ^}^'^^\ W\% = ^, 

Jrn 2(p + l) 

by which we can rewrite S{uc) as 

.. ^ ^/ X iVp-(iV + 4)„_ „2 A^p-(3A^ + 4) f , ,2,_ ,2, 
2N{p-l) N{p-1) J^N 

When p = 3 + ^, dOU]) becomes 

(4.21) ^(«c) = ^]^I|V«42- 

This is clearly a contradiction since by assumption S{uc) = fn{c) < and Point 
(ii) is established. D 

Proof of Theorem \1.6\ . From the proof of Theorem II. 5[ we know that any critical 
point Uc of S{u) restricted to a{c) must satisfy (]4.19p . Denoting 



Q(u) = \\Vu\\l + {N + 2) [ \u\^\Vu\^dx - ^T^-rhll? 

Jrn 2(p+l) 



p+i 

P+i' 



we thus have Q{uc) = 0. Now we assume by contradiction that there exist 
sequence {c„} C M"^ with Cn — ;■ 0, and {un} C o"(c„) such that Un is a critical 
point of S{u) on cr(c„). Then for each n G N"*", Q{un) = and using (14. 3 p we 
obtain 



ON 
N-2 



{A.22) \\Vu4l + {N + 2) [ \un\^\Vun\^dx<C-cl,-^-( [ \un\^\\/un\^dx] 

JRN \JrN J 

where 6 = ^^^^§}^- When p = 3 + | we have ^ = 1 , 1 - ^ = | and thus 
we get immediately a contradiction from (14.220 . Now when p G [1 + ;^, 3 + -^), 
^^ < 1 and we derive from (14.221) that 



N~2 



(4.23) / |M„|^|VM„|^(ix —7- and ||Vm„,||2 — ?• as n — )■ oo. 

Jrn 
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Also when p G [1 + ^, f^] if A^ > 3 and ^ G [1 + ^, +oo) if iV = 1, 2, we obtain 
from JKW) that 

iV(p-l) (iV+2)-(iV-2)p 

Q{Un) > ||VMn||2 - C'I|Vm„||2 ^ ■ C„ ■* 

( Np-(N+4) (N+2)-[N-2)p 

l-CWVuJ^ ' -Cn ' 

Taking fl4.23p into account fl4.24p imphes that Q{un) > for n G N+ large enough 
and provides a contradiction. 

When p G (f^, 3 + ^), A^ > 3, using (14151) and the fact that {||«n||fp_i)7v} is 
bounded, we have 

Since a — 2 as p > 1, using fl4.23p we conclude that Q{un) > for n G N+ 
sufficiently large. Here also we have obtained a contradiction and this ends the 
proof. D 
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